2. L. A. Kozdoba and P. G. Krukovskii, Methods of Solving Inverse Heat-~Transfer Problems
[in Russian], Kiev (1982).

3. V. B. Glasko, Inverse Problems in Mathematical Physics [in Russian], Moscow (1984).

4. R. M. Marutovskii, Water Chemistry and Technology [in Russian], 8, No. 1 (1986), pp.
3-14,

5. R. M. Marutovskii and P. F. Zhuk, Zh. Fiz. Khim., 60, No. 1, 171-174 (1986).

6. S. De Groot and P. Mazur, Nonequilibrium Thermodynamics [Russian translation], Moscow
(1964).

7. V. V. Voevodin and Yu. A. Kuznetsov, Matrices and Calculae [in Russian], Moscow (1984).

8. V. S. Mikhalevich and M. N. Redkovskii, Dokl. Akad. Nauk SSSR, 283, No. 5, 1081-1085
(1985).

9. A. N. Tikhonov and V. Ya. Arsenin, Methods of Solving Ill-Posed Problems [in Russian],
Moscow (1979).

10. F. P. Vasil'ev, Methods of Solving Turning-Point Problems [in Russian], Moscow (1981).

THERMOELASTIC DEFORMATION OF A COOLED METAL PLATE UNDER THE INFLUENCE
OF A PULSE~PERIODIC RADIATION FLUX

G. I. Rudin UDC 539.3:621.375.826

A solution to the problem of determining the fields of stress and deformation in
a plate under the influence of radiation flux with a Gaussian distribution is ob-
tained.

A common element in optical systems is a metal plate, the surface of which has a high
coefficient of reflection as a result of processing. Under the influence of a sufficiently -
high radiation flux density on the plate, the planar reflecting surface buckles due to non-
uniform heating. This leads to a change in the structure of the beam; in particular, defo-
cusing occurs as a result of reflection from such a surface [1]. In addition, thermal stress
develops in the plate. During intense heating the magnitude of this stress can exceed the
tensile strength of the plate material, thereby inducing an irreversible structural change.

In [2] a calculation of the thermal stress in a cooled plate under the influence of a
pulse-periodic radiation flux was performed within a one-dimensional approximation where the
stress tensor components and temperature change in the direction normal to the surface of the
plate. In [3] a relation for the temperature fields in a plate was obtained within the one-
dimensional approximation, and an estimation of the normal deformation and stress was per-
formed. In [4] the two~dimensional problem of stress location in a free round plate under a
radially Gaussian distributed radiation flux density was determined. It was shown that the
structure of the spatial distribution of the stress within the one- and two-dimensional cases
differs significantly. In particular, it was found that in the center zone of irradiation,
the tangential and axial components of the stress are compressing, but out of the zone of
irradiation they are stretching.

In the present work, in contrast to [4], the primary emphasis is the deformation of the
plate surface induced by the thermal effect of a pulse-periodic radiation flux with a radial
Gaudsian distribution. We will assume that the rear surface of the plate is fixed to a rigid
base, and the heat transfer from it proceeds according to Newton's law,

We will find the temperature field of a plate of constant thickness d and infinite in
the radial direction. One of the surfaces of the plate (z = 0) is heated as a result of the
influence of the pulse-periodic source (radiation directed along the normal to the surface),
and the other (z = d) is coocled by means of a cooling agent with a coefficient of heat trans-
fer h. We will assume that the intensity of the surface thermal source can be represented in
the form
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Q(r, t)y =TI, exp(—ar) f (9).

The function £(t) gives the time dependence of the intensity of the thermal source

I, N— D)+ A)<i<(N—1(r+A)+T,

)=
10 0, N—DE+A)F1<<t<N(T+A),

(1)

where N is the number of pulses in a series.

We find the temperature field on the basis of the solution of the heat-transfer equation
with appropriate boundary conditions

oT < T 1 oT 0T )

+— =+

at or? r or 0z2 J
L]~ hexp(—ard ), 2)
aZ 2=0
PVLE A R R
aZ ,ch "

Applying Hankel and Laplace transforms to the heat-transfer equation and the boundary condi-
tions leads to

sT + kpT — k o _ 0,
022 (3)
oT 1 oT =
—A = Jy—exp | ——2— 0}, —h——| =hTl_,
02 |o=0 2a P ( 4a ) O 02 |—d =d

oo

where Tzsye‘”YrJOUﬂ)T(n z, I)drdt 3 p and s are parameterss of the Hankel and Laplace trans-
h 0
forms; {£(t)}; is the Laplace transform of relation (1). As a result of Eq. (3), we obtain

= Id Bi B
T L A N,
2a) ( 4a ) (o pu(ushp 4 Bichp) {( Bi ~ (4)
5 chp -t hp2 (2 hy - :I/i 2d.
X ¢ prshu>c Md (Bis p—{—chu)s ‘ud},u k—|—pd

To transform from representation (4) to the original expression, we use the thecrem of
decomposition and expansion [5]:

oo

j (— ———) pdy (pr) \ Vn COS Py,

0

T(r, 2z, 1) =

t
= {[ el Balt—0) /0 d0} dp, (5)
0

rz-1

where y_ is a root of the characteristic equation cot y, = v, /Bi;

Y
008 b sin

Using expression (1) for £(t), we compute the inner integral in (5):

koo _
(37! = F (ll)fl _'_ pZdZ), Yn =

\ exp [— By (1 — 0)] 7 (8) d® = exp (— But) [ [ exp (B.0)dO+

0

2T-{-A 3T+2A
+ f exp (Bn0) d0 + S exp (Bn9) d6 + ] = —— exp{— PBnt) Fn () (6)
rA 2(t+A) "

where
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expPN(v+A)—1
expﬁn(T+A)'—l

Fp (t) = [exp B, — 1] + expP ot —exp B [NT + (N — 1) Al

Taking into account (6), expression (5) takes the form

T(r, 2, )= »—[ai;é— (exp (-——4—-) pdo(pr) [Z _WnFa(®) cos P, —:i- exp (— ﬁnt)] dp.
D

= b+ pid® (M

We will perform a calculation of the components of transfer u, w corresponding to the
radial and axial directions, which satisfy the following equations [6]:

1 de 2(1+4wv) oT (8)
A —_— = o ’
=t e e T e C
1 | Oe 2(1+w) oT
Aw _—= o ,
LT S PN 9z (9
where e = 3u/dr + u/r + 3w/dz is the volume expansion. We represent u, w in the form
[od " ?nq)n (Z) ~ __
u(r, z, t) = Tj exp ( ) I (pr )E oy Fn(texp{— Pt dp, (10
wir, 7, = 2 T exp (— 2 B0l Futexp (B an
o a}\' 0 n==1 2d2

The unknown functions ¢ _(z) and @ (z) satisfy the system (12), (13), which is obtained
as a result of substitution 8f relatiofs (10) and (11) into (8) and (9):

d(Pn dd, o )
2L 3p 2 4 4ptg, = 8a mﬂh——, 2
s +op— =+ P r (12)
a*®, den . Y 2
Zn P, = —8 sin
b T T Py ¥ (13)

Here it is assumed that 1/(1 — 2v) =3, (1 +v)/(1 ~2v) = 4 since for many metals of practical in-
terest, v = 0.33. We differentiate (12) with respect to the variable z and combine with Eq.
(13):

d? ( de,
dz? dz

The solution of this equation is written in the form

don,
/ . dz

“%'l + pP, = A7 + Be, (14)
2

where An and B are arbitrary constants to be determined from the boundary conditions. Sub-
stituting (14) into (12), we obtain
dd,
dz

+ PO = 2ap oS Yy — 7T —i— (— Ane™” - Bpe™). (15)

We find the desired functions Pq and <I>n from the solution of the system of differential
equations (14) and (15)

bd e el B 5 A
Do = dap s S e [8 et
3 5 B, 1 ‘ (16)
(3 S B Lp),
n Cn]+e ( Bt (ot ,)

pzdz 2 ~—pz ' 3 5 An 1 ) P2< 3 -5 Bn 1 \ :
= 20 —————— COS P, —— e — An2—~ —_—— —— Cn) € — B,z —_—— .
On =20 S (8 6, TTg )T + )
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Here C, and D_ are arbitrary constants to be determined. We find the coefficients An’ B, C
and D, from tﬁe boundary conditions, the form of which depends on the method of fixing tﬁe
plate to the base. We consider the case where the plate is fixed securely to a rigid base.

Then we have the next condition:
0

for z

Grz:G éi_,__aﬂ):o, GZZ:QG _g_lg._.[__e_[laT):O;
dz ar 0z

il
[a Ny

for z

u=w=_0.

Here 0,,, 0y are components of the stress tensor. Taking into account (10) and (11), the
boundary conditions take the form

for z = 0
. ao
d(Pn - p(bn =0, 2 = + pPn = dap;

dz

for z =4
Pn = (Dn = 0. (12)

From relations (17) and (16), we obtain a system of algebraic equations relative to A,, B,,
C_, and D_:
n n

3
_8" (An. -+ Bn') -—p (Cn =+ Dn) =0,

3 2

1 5
"_"“(Bn '“An) _I"—Q'—p(Dn _Cn) = Zap

2 2’
16 1l\llz—l‘x (18)
An (ix + _i_) e“x_{_ Bn (i_ix> ex+cnpe—x _,_anex — _4ap'xlpnsinllin
4 8 8 4 Yo+ x2
3 5 —x 5 3 —x x X2 cos ¢
An -t € Bn ('—’L-—'—— * Cn - Dn :"_4!1 — z 3
(4 8) L e 4x)e+ P pe Pt

where x = pd. Substituting into relation (16) the coefficients An’ Bn’ Cn’ and Dn’ found from

the solution of (18), we obtain the value of ¢_ and ¢_. The transfer components u, w, in ac-
cordance with (10) and (11), depend on ¢_ and 3 , but"the stress tensor components are ex-—
pressed in terms of u, w and their first derivatives through the well-known correlation of
Hooke's law [6]. We reduce the expression for w at z = 0 and also Oy, 0,, for z = d:

Id % %% r | A, + B,
ZEJ(.", 0, t)z 22}\’ gexp (—_W)JO (x —d—)’;‘:‘“ ,ZA\:‘I Vn W Fn(t)exp(—ﬁnt)dx,

Gl, % o ’ ( r ) < B.e"—A,e"
el U — Jolx —-1 Y vy, ——"—F,({)exp (— B, 0) dx,
ulr, d, ) = b{eXp( o2 2] 3 v 2SR P op ()

° 2 ' = A% *
Op(r, d, 1) = G;" [ exp (— z >J1 (’c{l—) N A B b exp(— Bt dr,

akh 4ad? \ /- ¢i%~x2
where
A, = ﬁ?ﬂ%’% {[(Bi -+ x) cos ¢, — xe7] —;— xe* - [(Bi — x) cos §,, -+ xe* ](—i—— e* - —% e_")},
B, = ——2P% [(Bi + x) cos , — xe™"] ( D e Do ) S e (Bi— %) cos -+ xe'“]},
n M (\r;zz + x2) 4 4 / 2
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O (B B e\ (5 B a
[4x+<4e +4e)\4‘e—l—4e>}. (19)
As is well known, the time dependence of the temperature on the reflecting surface of the
plate under the influence of a pulse-periodic flux .is oscillatory [2, 3, 7], while the period
of the oscillation is equal to A + 1. For this reason, the values of w, Cpps and c,., also
oscillate, Figure 1 shows the dependence on Bi of the displacement of the %ace of the surface
from the middle of the plate w(0, 0, t), obtained from (19) for the following values: A = 0.5
10~2 sec, T = 10™* sec, a = 8 em™?*, d = 0.1 em, k = 1 cm®/sec. From analysis of expression
(7) it follows that in order to heat the plate surface up to a maximum temperature T, @ cer-

tain number of pulses of radiation is necessary, satisfying the relation é§¢§!pvmr+(Agr_

1)A]=5 . Hence, for plate thickness d = 0.1 ¢m and Bi = 0.05 (¥, = 0.22) the number of puls-
es needed is N_ > 200; if Bi = 0.15 (y, = 0.37), then N_ > 70. In Fig. 2, which is obtained
from (19), we Bhow the dependence of the displacement wTO, 0, t) on the parameter a, which
characterizes the radial distribution of the intensity of the thermal source (the values of

A, T, and d as given above). From Fig. 3 it follows that the tensor components of the thermal
stress 0., and o, have different signs for z = d. This arises from the fact that the stress
0,, is stretching, but 0y, is compressing. The tensile strength of copper for stretching
(stretching strength) is several times lower than for compressing (compression strength) and
measures ~20 MPa, As is seen in Fig. 3, for E > 2 J the stress o,, surpasses the tensile
strength, leading to a breakdown of the plate material or to its separation from the base.

As a result of deflection from the front surface of the plate, initially the parallel
beam spreads. For the sake of computing the optical force on the reflecting surface for par-
axial rays in expression (19) for w(r, 0, t), we expand the Bessel function in a series, re-
stricted to the quadratic term:

J(,(x-;r—):l——-l—(xL)z-’r_--- (20)

Then the reflecting surface of the plate represents a paraboloid of rotation r?® = 21z (I is
the parameter of the paraboloid); the focal distance is F = 1/2. From (19), taking into ac-
count (20), we obtain the following relation for the optical force:

E 7 x2
FI71 = — exp | —
o omhdt § P ( dad®

~ A,+ B
L F (¢ — Bnt) dx.
)xglvn T Fa (e (— B v

A curve showing the dependence of |F|" on Bi is given in Fig. 1.

o
L
-

Fig. 1 Fig. 2

Fig. 1. Dependence of normal travel w(0, O, t) (cm) (curves 1-3) and optical force
IF%_1 (em=*) (&) on Bi under the effect of N = 25 (1), 50 (2), 100 (3, 4) pulses.

Fig. 2. Dependence of normal travel w(0, 0, t) (cm) on the parameter a (cm™?) at
Bi = 0.3 (1) and Bi = 0 (2) (N = 100).
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Fig. 3. Dependence of the
components of thermoelastic
stresses 0,, (1) and Opy (2)
(MPa) on the radial coordin-
ate r (cm) at Bi = 0.05 (N =
100).

The previously derived relation (19) can also be utilized in the case where the beam has
a central circular shading of radius b [3]. In this case it is necessary to make the substi-

tution
X2 b “ /YN
— _ —_— (—Nd, | —1/ = |d
eXp< 4ad2)—>eXP( 4ad2) 0jexr( y)o(dL a) y

in the integral expressions. This substitution results immediately from the Hankel transform
of the boundary conditions (2) on the reflecting surface.

NOTATION

t, time; r, z, radial and axial coordinates; Is, radiation flux density; k, ), thermal
diffusivity and thermal conductivity; h, heat-transfer coefficient; Bi = hd/), Biot number;
A, time between pulses; t, pulse duration; E = mlo7/a, pulse energy absorbed by the plate, J;
o, temperature coefficient of linear expansion; v, Poisson coefficient; G, shear modulus;
Jm(x), Bessel function of the first kind of order m = 0, 1.
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